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Abstract
As a model, the Pais-Uhlenbeck fourth order oscillator with equation of motion
d4q
dt4
+ (ω21 + ω
2
2)
d2q
dt2
+ ω21ω
2
2q = 0
is a quantum-mechanical prototype of a field theory containing both second and fourth order
derivative terms. With its dynamical degrees of freedom obeying constraints due to the presence
of higher order time derivatives, the model cannot be quantized canonically. We thus quantize it
using the method of Dirac constraints to construct the correct quantum-mechanical Hamiltonian
for the system, and find that the Hamiltonian diagonalizes in the positive and negative norm
states that are characteristic of higher derivative field theories. However, we also find that the
oscillator commutation relations become singular in the ω1 → ω2 limit, a limit which corresponds
to a prototype of a pure fourth order theory. Thus the particle content of the ω1 = ω2 theory
cannot be inferred from that of the ω1 6= ω2 theory; and in fact in the ω1 → ω2 limit we find that
all of the ω1 6= ω2 negative norm states move off shell, with the spectrum of asymptotic in and
out states of the equal frequency theory being found to be completely devoid of states with either
negative energy or negative norm. As a byproduct of our work we find a Pais-Uhlenbeck analog
of the zero energy theorem of Boulware, Horowitz and Strominger, and show how in the equal
frequency Pais-Uhlenbeck theory the theorem can be transformed into a positive energy theorem
instead.
1
INTRODUCTION
While attention in physics has by and large concentrated on second order equations of
motion, nonetheless, from time to time there has also been some interest in higher derivative
theories, with a typical such higher order equation of motion being the scalar field equation
of motion
(∂20 −∇
2)(∂20 −∇
2 +M2)φ(x¯, t) = 0 , (1)
a wave equation which is based on both second and fourth order derivatives of the field.
With the propagator associated with Eq. (1) being given by
D(k2,M2) =
1
k2(k2 +M2)
=
1
M2
[
1
k2
−
1
k2 +M2
]
(2)
in momentum space, the expectation of canonical reasoning (see e.g. [1] for a canonical
study of theories of such second plus fourth order type) is that a quantization of the theory
associated with Eq. (1) would, for M2 6= 0, lead to a 1/k2 − 1/(k2 +M2) dipole spectrum
consisting of two species of particles, one possessing positive signature and the other negative
or ghost signature. And indeed, part of the appeal of such propagators is that precisely
because of this ghost signature, the propagator has much better behavior in the ultraviolet
than a standard second order 1/k2 propagator, to thus enable this higher order theory to
naturally address renormalization issues such as those associated with elementary particle
self-energies or with quantum gravitational fluctuations.
While a similar conclusion regarding the presence of ghosts might be anticipated to apply
to pure fourth order theories as well (viz. the M2 = 0 limit of Eq. (1)),[2] as we see from
the form of Eq. (2), the 1/M2 prefactor multiplying the 1/k2 − 1/(k2 +M2) dipole term is
singular, with it thus not being reliable to try to infer the structure of the M2 = 0 spectrum
from that associated with the M2 6= 0 one. In fact, it is actually not even reliable to try to
infer the spectrum associated with Eq. (1) via canonical reasoning at all, since even when
M2 6= 0, the theory is a constrained one due to the presence of higher order time derivatives;
and thus before drawing any conclusions at all, one must first quantize the theory in a
way which fully takes these constraints into account, and only then identify the particle
spectrum. To address this issue we shall thus effect a full Dirac constraint quantization
[3] of a quantum-mechanical prototype of Eq. (1), something which as far as we know has
not previously been carried out in the literature. Specifically, we shall study a restricted
2
version of Eq. (1) in which we specialize to field configurations of the form φ(x¯, t) = q(t)eik¯·x¯,
configurations in which Eq. (1) then reduces
d4q
dt4
+ (ω21 + ω
2
2)
d2q
dt2
+ ω21ω
2
2q = 0 , (3)
where
ω21 + ω
2
2 = 2k¯
2 +M2 , ω21ω
2
2 = k¯
4 + k¯2M2 , (4)
with Eq. (4) itself reducing to the equal frequency ω1 = ω2 when M = 0. As such, for
general ω1 6= ω2 Eq. (3) thus serves as a quantum-mechanical prototype of a field theory
based on second order plus fourth order derivatives of the field, while becoming a prototype
of a pure fourth order theory in the equal frequency limit. As well as being a model which
we can actually solve analytically, the quantum-mechanical prototype encapsulates many
of the general issues associated with the quantization of the full field theory, since it is the
time derivatives of the fields rather then their spatial derivatives which are of relevance for
constructing conjugates of the fields. With the equation of motion given in Eq. (3) being
derivable from the Pais-Uhlenbeck Lagrangian [4]
L =
γ
2
[
q¨2 − (ω21 + ω
2
2)q˙
2 + ω21ω
2
2q
2
]
(5)
(γ is a constant), we shall thus quantize the theory starting from this Lagrangian.[5] This
will allow us to establish that the properly constructed ω1 6= ω2 Hamiltonian does indeed
possess eigenstates of normal and ghost signature (states which themselves are then explicitly
constructed), while also allowing us to monitor the ω1 → ω2 limit, a limit, which like the
above M2 → 0 limit, will be found to be highly singular.[6]
CLASSICAL DIRAC HAMILTONIAN
For a quantization of the theory associated with the Lagrangian of Eq. (5) we would like
to treat q and q˙ as independent coordinates, but cannot immediately do so since if q˙ is to
be an independent coordinate, we could not then use ∂L/∂q˙ as the canonical conjugate of
q. To obtain a form which would be appropriate for quantization we therefore introduce a
new variable x(t) to replace q˙, and compensate for doing so by additionally introducing a
Lagrange multiplier λ(t) and a substitute Lagrangian
L =
γ
2
[
x˙2 − (ω21 + ω
2
2)x
2 + ω21ω
2
2q
2
]
+ λ(q˙ − x) , (6)
3
with the Dirac constraint method assuring us that the Hamiltonian which is to ultimately
emerge will then be independent of the Lagrange multiplier. With the Lagrangian of Eq.
(6) possessing three coordinate variables, q, x and λ, we must introduce the three canonical
momenta, px, pq and pλ, conjugates which for the Lagrangian of Eq. (6) evaluate to
px =
∂L
∂x˙
= γx˙ , pq =
∂L
∂q˙
= λ , pλ =
∂L
∂λ˙
= 0 . (7)
To implement the Dirac method, as well as use these relations to construct the Legendre
transform of the Lagrangian of Eq. (6), viz.
HL = pxx˙+ pq q˙ + pλλ˙− L , (8)
we also introduce two primary constraint functions for the canonical momenta which involve
either the Lagrange multiplier or its conjugate, viz.
φ1 = pq − λ , φ2 = pλ . (9)
And then, rather than use HL, the Dirac prescription is to instead use
H1 = HL + u1φ1 + u2φ2 (10)
as Hamiltonian, where H1 is thus given by
H1 =
p2x
2γ
+
γ
2
(ω21 + ω
2
2)x
2 −
γ
2
ω21ω
2
2q
2 + λx+ u1(pq − λ) + u2pλ . (11)
For this theory we define generalized Poisson brackets of the form
{A,B} =
∂A
∂x
∂B
∂px
−
∂A
∂px
∂B
∂x
+
∂A
∂q
∂B
∂pq
−
∂A
∂pq
∂B
∂q
+
∂A
∂λ
∂B
∂pλ
−
∂A
∂pλ
∂B
∂λ
, (12)
so as to obtain the canonical
{x, px} = {q, pq} = {λ, pλ} = 1 . (13)
Similarly, given the definition of Eq. (12), we find that the Poisson brackets of the constraint
functions with the Hamiltonian H1 are given by
{φ1, H1} = γω
2
1ω
2
2q − u2 + φ1{φ1, u1}+ φ2{φ1, u2} ,
{φ2, H1} = −x+ u1 + φ1{φ2, u1}+ φ2{φ2, u2} . (14)
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Consequently, both of the {φ1, H1} and {φ2, H1} Poisson brackets will vanish weakly (in the
sense of Dirac) if we set
u1 = x , u2 = γω
2
1ω
2
2q . (15)
On thus imposing these two conditions, H1 is then replaced by a new Hamiltonian
H2 =
p2x
2γ
+
γ
2
(ω21 + ω
2
2)x
2 −
γ
2
ω21ω
2
2q
2 + pqx+ γω
2
1ω
2
2qpλ . (16)
With respect to this new Hamiltonian the constraint functions obey Poisson bracket relations
of the form
{φ1, H2} = γω
2
1ω
2
2pλ , {φ2, H2} = {pλ, H2} = 0 . (17)
Hence, finally, if we now set pλ = 0 (so as to enforce {φ1, H2} = 0), the resulting algebra
associated with the four-dimensional q, pq, x, px sector of the theory will then (as befits a
fourth order theory) be closed under commutation using Poisson brackets defined via
{A,B} =
∂A
∂x
∂B
∂px
−
∂A
∂px
∂B
∂x
+
∂A
∂q
∂B
∂pq
−
∂A
∂pq
∂B
∂q
, (18)
with the requisite classical Hamiltonian which we seek then being given by
H =
p2x
2γ
+ pqx+
γ
2
(ω21 + ω
2
2)x
2 −
γ
2
ω21ω
2
2q
2 , (19)
and with the requisite Poisson bracket relations which define the classical theory being found
to be given by
{x, px} = 1 , {q, pq} = 1 ,
{x,H} =
px
γ
, {q,H} = x , {px, H} = −pq − γ(ω
2
1 + ω
2
2)x , {pq, H} = γω
2
1ω
2
2q . (20)
With such Poisson bracket relations the canonical equations of motion thus take the form
x˙ =
px
γ
, q˙ = x , p˙x = −pq − γ(ω
2
1 + ω
2
2)x , p˙q = γω
2
1ω
2
2q , (21)
to then enable us to both recover Eq. (3) and make the identification x = q˙ in the solution.
Additionally, in solutions which obey these equations of motion the Legendre transform
L = pxx˙ + pq q˙ −H is found to reduce to Eq. (5) just as it should. The Hamiltonian H of
Eq. (19) is thus the correct one for the fourth order theory, and it thus is the one which is
to be quantized.
5
CONNECTION WITH THE OSTROGRADSKI HAMILTONIAN
In considering the theory associated with Eq. (19), it is important to distinguish between
the general Hamiltonian H as defined by Eq. (19) and the particular value HSTAT that it
takes in the stationary path in which the equations of motion of Eq. (21) are imposed,
with the great virtue of the Dirac procedure being that it allows us to define a classical
Hamiltonian H which takes a meaning (as the canonical generator used in Eq. (20)) even
for non-stationary field configurations (i.e. even for configurations for which pxx˙+ pq q˙ −H
does not reduce to the Lagrangian of Eq. (5)). Thus, for instance, it is the Hamiltonian
of Eq. (19) which defines the appropriate phase space for the problem, so that the path
integral for the theory is then uniquely given by
∫
[dq][dpq][dx][dpx]exp[i
∫
dt(pxx˙+ pqq˙−H)]
as integrated over a complete set of classical paths associated with these four independent
coordinates and momenta.
As regards the stationary value that the classical HSTAT takes when the equations of
motion are imposed, viz.
HSTAT =
γ
2
q¨2 −
γ
2
(ω21 + ω
2
2)q˙
2 −
γ
2
ω21ω
2
2q
2 − γq˙
d3q
dt3
, (22)
we note that not only is this particular HSTAT time independent (see e.g. Eqs. (25) and
(26) below), it is also recognized as being the Ostrogradski [7] generalized higher derivative
Hamiltonian associated with the Lagrangian of Eq. (5), viz. the Hamiltonian
HOST = q˙
∂L
∂q˙
+ q¨
∂L
∂q¨
− q˙
d
dt
(
∂L
∂q¨
)
− L (23)
which Ostrogradski showed to be time independent in solutions which obey the generalized
Euler-Lagrange equation
∂L
∂q
−
d
dt
(
∂L
∂q˙
)
+
d2
dt2
(
∂L
∂q¨
)
= 0 , (24)
while also being its associated time translation generator [8]. Moreover, not only is the classi-
cal HSTAT time independent in the unequal frequency solution q(t) = a1e
−iω1t+a2e
−iω2t+c.c.
where it evaluates to
HSTAT(ω1 6= ω2) = 2γ(ω
2
1 − ω
2
2)(a
∗
1a1ω
2
1 − a
∗
2a2ω
2
2) , (25)
it is even time independent in the equal frequency ω1 = ω2 = ω temporal runaway solution
q(t) = c1e
−iωt + c2te
−iωt + c.c. where it evaluates to
HSTAT(ω1 = ω2) = 4γω
2 (2c∗2c2 + iωc
∗
1c2 − iωc
∗
2c1) , (26)
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with a runaway in time not leading to a runaway in energy. (I.e. there is an appropriately
defined energy which is time independent in the temporal runaway solution.)
The value we have obtained for HSTAT(ω1 = ω2) in Eq. (26) recalls to mind the zero
energy theorem derived by Boulware, Horowitz and Strominger [9] for fourth order conformal
gravity, another typical fourth order theory. Specifically, Boulware, Horowitz and Strominger
constructed a classical energy for the fourth order gravity theory, and found that it would
vanish identically if the gravitational field solutions were required to be asymptotically flat.
The analog condition for the equal frequency Pais-Uhlenbeck theory (a prototype of a pure
fourth order field theory) would be to demand the absence of runaway solutions in time,
and thus to set c2 = 0, a condition which would then yield for HSTAT (ω1 = ω2) none other
than the value zero. As we thus see, it is the restriction to an analog of asymptotic flatness
which leads to a zero value for the energy in the equal frequency Pais-Uhlenbeck case, with
there being no c∗1c1 type term present in HSTAT (ω1 = ω2) even though HSTAT (ω1 6= ω2)
contains both a∗1a1 and a
∗
2a2 type terms. Since the c1 mode can only make a contribution
to HSTAT (ω1 = ω2) when c2 is non-zero, we can anticipate that in the quantization of the
theory to be presented below the c1 mode will not give rise to a propagating on-shell state,
with the eigenspectrum of the equal frequency quantum Hamiltonian possessing not the
number of energy eigenstates states associated with a two-dimensional harmonic oscillator
(viz. the dipole structure exhibited in Eq. (2)), but rather possessing only the number of
energy eigenstates associated with a one-dimensional one. A further interesting feature of
the form we have obtained for HSTAT(ω1 = ω2) in Eq. (26) is that there is choice of sign
for the parameter γ for which the pure c2 contribution to the energy, viz. 8γω
2c∗2c2, is then
positive definite. On its own then, the runaway mode does not give rise to any disease
such as a negative energy, with it yielding a positive one instead. There is thus no need to
require the absence of runaway solutions in the equal frequency Pais-Uhlenbeck theory (by
demanding an analog of asymptotic flatness [10]) since in and of themselves they give rise
to perfectly acceptable energies, and do not thus need to be avoided. Since the runaway
solution classical energies are well-behaved, we can thus anticipate that the quantum energy
eigenspectrum associated with the c2 mode sector will not possess any energy eigenstates
with either negative energy or negative norm, even while the structure found for the unequal
frequency HSTAT (ω1 6= ω2) in Eq. (25) indicates that there will be energy eigenstates of
either negative energy or negative norm in the quantization of the unequal frequency case.
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CONSTRUCTING THE UNEQUAL FREQUENCY FOCK SPACE
With the Hamiltonian of Eq. (19) being defined for both stationary and non-stationary
classical paths, a canonical quantization of the theory can readily be obtained by replacing
(i times) the Poisson brackets of Eq. (20) by canonical equal time commutators. However,
without reference to the explicit structure of the Hamiltonian itself, we note first that the
identification (as suggested but not required by the equations of motion [11])
q(t) = a1e
−iω1t + a2e
−iω2t +H.c. , pq(t) = iγω1ω
2
2a1e
−iω1t + iγω21ω2a2e
−iω2t +H.c. ,
x(t) = −iω1a1e
−iω1t − iω2a2e
−iω2t +H.c. , px(t) = −γω
2
1a1e
−iω1t − γω22a2e
−iω2t +H.c.
(27)
then furnishes us with a Fock space representation of the quantum-mechanical commutation
relations
[x, px] = [q, pq] = i , [x, q] = [x, pq] = [q, px] = [px, pq] = 0 (28)
at all times provided that
[a1, a
†
1] =
1
2γω1(ω21 − ω
2
2)
, [a2, a
†
2] =
1
2γω2(ω22 − ω
2
1)]
, [a1, a
†
2] = 0 , [a1, a2] = 0 . (29)
(Here and throughout both ω1 and ω2 are taken to be positive.) Then in this convenient
Fock representation the quantum-mechanical Hamiltonian is found to take the form
H = 2γ(ω21 − ω
2
2)(ω
2
1a
†
1a1 − ω
2
2a
†
2a2) +
1
2
(ω1 + ω2) (30)
with its associated commutators as inferred from Eq. (20) then automatically being satisfied.
With the quantity γ(ω21 − ω
2
2) being taken to be positive for definitiveness, we see that the
[a2, a
†
2] commutator is negative definite, and with H being diagonal in the a1, a2 occupation
number basis, we see that the state defined by
a1|Ω〉 = 0 , a2|Ω〉 = 0 (31)
is its ground state,[12] that the states
|+ 1〉 = [2γω1(ω
2
1 − ω
2
2)]
1/2a†1|Ω〉 , | − 1〉 = [2γω2(ω
2
1 − ω
2
2)]
1/2a†2|Ω〉 (32)
are both positive energy eigenstates with respective energies ω1 and ω2 above the ground
state, that the state |+ 1〉 has a norm equal to plus one, but that the state | − 1〉 has norm
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minus one, a ghost state. Thus, as anticipated, the correct Hamiltonian for the unequal
frequency theory can be diagonalized in a basis of positive and negative norm states, with
the relevant negative norm state wave functions being explicitly constructed via Eq. (32) and
its multi-particle generalizations. With the eigenstates of H labeling the asymptotic states
associated with scattering in the presence of any interaction Lagrangian LI which might be
added on to the original Lagrangian L of the theory, the effect of LI would be expected to
induce transitions between asymptotic in and out states of opposite norm, with the unequal
frequency theory then being non-unitary.[13] However, even though the Hamiltonian of the
unequal frequency theory does have ghost eigenstates, since the commutation relations given
in Eq. (29) become singular in the equal frequency limit while both the Hamiltonian of Eq.
(30) and the normalized |+1〉 and |−1〉 states develop zeroes, we will have to exercise some
caution in trying to discover exactly what happens to the ghost states when this limit is
taken.
CONSTRUCTING THE EQUAL FREQUENCY FOCK SPACE
To explore the equal frequency limit it is convenient to introduce new Fock space variables
according to
a1 =
1
2
(
a− b+
2bω
ǫ
)
, a2 =
1
2
(
a− b−
2bω
ǫ
)
,
a = a1
(
1 +
ǫ
2ω
)
+ a2
(
1−
ǫ
2ω
)
, b =
ǫ
2ω
(a1 − a2) . (33)
where
ω =
(ω1 + ω2)
2
, ǫ =
(ω1 − ω2)
2
(34)
These variables are found to obey commutation relations of the form
[a, a†] = λ , [a, b†] = µ , [b, a†] = µ , [b, b†] = ν , [a, b] = 0 , (35)
where
λ = ν = −
ǫ2
16γ(ω2 − ǫ2)ω3
, µ =
(2ω2 − ǫ2)
16γ(ω2 − ǫ2)ω3
. (36)
As such, the introduction of the operators a, a†, b, b† is initially nothing more than a
rewriting of the original a1, a
†
1, a2, a
†
2 operators. Their utility derives from the fact that
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when expressed in terms of them the coordinate q(t) of Eq. (27) gets rewritten as
q(t) = e−iωt
[
(a− b)cos ǫt−
2ibω
ǫ
sin ǫt
]
+H.c. , (37)
and thus has a well defined ǫ→ 0 limit, viz.
q(t, ǫ = 0) = e−iωt(a− b− 2ibωt) + H.c. . (38)
Similarly, the Hamiltonian of Eq. (30) which takes the form
H = 8γω2ǫ2(a†a− b†b) + 8γω4(2b†b+ a†b+ b†a) + ω (39)
in the new variables, then limits to
H(ǫ = 0) = 8γω4(2b†b+ a†b+ b†a) + ω , (40)
while the following commutators of interest have limiting form
[H(ǫ = 0), a†] = ω(a† + 2b†) , [H(ǫ = 0), a] = −ω(a+ 2b) ,
[H(ǫ = 0), b†] = ωb† , [H(ǫ = 0), b] = −ωb ,
[a+ b, a† + b†] = 2µˆ , [a− b, a† − b†] = −2µˆ , [a+ b, a† − b†] = 0 , (41)
where now µ(ǫ = 0) = µˆ = 1/(8γω3). Thus even while the relation between the (a, b)
and (a1, a2) sets of operators is explicitly singular in the limit, the limiting prescription
obtained by using the a and b operators of Eq. (33) nonetheless leads to the ǫ = 0 operator
algebra given in Eqs. (40) and (41) in which there are no singular terms at all. However,
this is not the only way to take the ǫ → 0 limit, as we could instead take the limit not of
the operators of the unequal frequency theory, but rather of the states. There are thus two
possible ways to construct the equal frequency theory – we can either start with the ǫ = 0
operator algebra and construct a new Fock space for it from scratch, or we can construct the
equal frequency states as the ǫ→ 0 limit of the unequal frequency Fock space states. With
these two prescriptions not being equivalent, we shall explore both of them, and discuss first
the limit of the operator algebra.
Taking the limit of the operator algebra
For the operator algebra limit, we use the ǫ → 0 limit of the a, a†, b, b† operators as
the dynamical variables, with use of these operators then enabling us to construct an ǫ = 0
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theory which is well defined. For this theory the ǫ = 0 Fock space is then built on the Fock
vacuum |Ω〉 defined by a|Ω〉 = b|Ω〉 = 0, (we use this basis since, according to Eq. (29),
states built on the unequal frequency Fock vacuum in which a1|Ω〉 = 0, a2|Ω〉 = 0 become
undefined in the ǫ = 0 limit), with the state |Ω〉 being an eigenstate of H with energy ω.
Moreover, in this ǫ → 0 limit we see that the [a, a†] and [b, b†] commutators both vanish,
with, as we shall see below, there actually being two ways rather than one in which the Fock
space states can implement this vanishing depending on how the ǫ → 0 limit is actually
taken. However, before constructing either of these two ways, we note that because the
effect of the Hamiltonian is to shift a† by 2b† in Eq. (41), and because (unlike the unequal
frequency case) neither of the operators (a†±b†) which diagonalize the Fock space basis acts
as a ladder operator for the Hamiltonian,[14] we can anticipate that the eigenspectrum of
H(ǫ = 0) will be quite different from the unequal frequency eigenspectrum.
Because b† does act as a ladder operator for H(ǫ = 0), it is possible to construct a one
particle energy eigenstate, viz. the state b†|Ω〉 with energy 2ω, but if we try to normalize it
(our first way to realize the ǫ = 0 Fock space) the vanishing of the [b, b†] commutator would
entail that this state would have to have zero norm. On its own a zero norm state (unlike
a negative norm state) does not lead to loss of probability, but its very existence entails the
existence of negative norm states elsewhere in the theory.[15] Thus, with the state a†|Ω〉 also
having zero norm, we immediately construct the states
|±〉 =
(a† ± b†)
(2µˆ)1/2
|Ω〉 , (42)
states which obey
〈+|+〉 = 1 , 〈−|−〉 = −1 , 〈+|−〉 = 0 . (43)
However, unlike the orthogonal positive and negative norm states | ± 1〉 of Eq. (32) which
are eigenstates of the unequal frequency Hamiltonian, this time we find that neither of the
|±〉 states is an eigenstate of the ǫ = 0 Hamiltonian since
H(ǫ = 0)|±〉 = 2ω|±〉+ 4ωb†|Ω〉 . (44)
Thus even while the ǫ = 0 Fock space possesses negative norm ghost states, this time
they can only exist off shell (where they can still regulate Feynman diagrams) but cannot
materialize as on shell asymptotic in and out states. With a similar situation being found
in the two particle sector [16] where only the state (b†)2|Ω〉 with energy 3ω is an energy
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eigenstate, we see that the only states which are eigenstates of H(ǫ = 0) are those of the
form (b†)n|Ω〉, with all such states having zero norm and positive energy.[17]
Now at first it is quite perplexing that the ǫ = 0 theory possesses far fewer energy
eigenstates than the ǫ 6= 0 theory, possessing only the number of eigenstates associated with a
one-dimensional harmonic oscillator rather than a two-dimensional one. The reason for such
an outcome derives from the fact that while the normal situation for square matrices is that
the number of independent eigenvectors of a square matrix is the same as the dimensionality
of the matrix, there are certain matrices, known as defective matrices, for which this is not
in fact the case. A typical example of such a defective matrix is the non-Hermitian, Jordan
block form, two-dimensional matrix
M =
(
1 1
0 1
)
. (45)
Specifically, while this matrix has two eigenvalues both of which are real (despite the lack
of hermiticity) and equal to 1 (the trace of M is equal to 2 and its determinant is equal to
1), solving the equation
(
1 1
0 1
)(
p
q
)
=
(
p + q
q
)
=
(
p
q
)
(46)
leads only to q = 0, with there thus only being one eigenvector despite the two-fold degen-
eracy of the eigenvalue, with the space on which the matrix M acts not being complete.[18]
For the case of interest to us here, the action of the unequal frequency Hamiltonian of
Eq. (39) on the one-particle states a†|Ω〉, b†|Ω〉 yields
Ha†|Ω〉 =
1
2ω
[
(4ω2 + ǫ2)a†|Ω〉+ (4ω2 − ǫ2)b†|Ω〉
]
Hb†|Ω〉 =
1
2ω
[
ǫ2a†|Ω〉+ (4ω2 − ǫ2)b†|Ω〉
]
. (47)
For this sector we can define a matrix
M(ǫ) =
1
2ω
(
4ω2 + ǫ2 4ω2 − ǫ2
ǫ2 4ω2 − ǫ2
)
(48)
whose eigenvalues are given as 2ω+ǫ and 2ω−ǫ (the trace ofM(ǫ) is 4ω and its determinant
is 4ω2 − ǫ2). For such eigenvalues, energy eigenvectors which obey
H|2ω ± ǫ〉 = (2ω ± ǫ)|2ω ± ǫ〉 (49)
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are then readily constructed as
|2ω ± ǫ〉 =
[
±ǫa† + (2ω ∓ ǫ)b†
]
|Ω〉 . (50)
As we see, as long as ǫ 6= 0, the two one-particle sector eigenvectors of the Hamiltonian H
are distinct. However when we let ǫ go to zero, the two eigenvectors in Eq. (50) collapse
onto a single eigenvector, viz. the vector b†|Ω〉, the two eigenvalues collapse onto a common
eigenvalue, viz. 2ω, and the matrix M(ǫ = 0) of Eq. (48) becomes (2ω times) the defective
one given in Eq. (45). Consequently, while the dimensionality of the a, a†, b, b† based Fock
space does not change in the ǫ→ 0 limit (i.e. the dimensionality of the Fock space remains
that of a two-dimensional harmonic oscillator), nonetheless, in the limit the Hamiltonian
becomes defective, with H(ǫ = 0) thus possessing far fewer eigenvectors than H(ǫ 6= 0), and
with the dimensionality of the space of energy eigenvectors of H(ǫ = 0) actually being the
same as that of a one-dimensional rather than a two-dimensional harmonic oscillator.[19] As
we thus see, the ǫ→ 0 limit is indeed highly singular. Finally, with Eq. (47) reducing to
H(ǫ = 0)a†|Ω〉 = 2ω
[
a†|Ω〉+ b†|Ω〉
]
H(ǫ = 0)b†|Ω〉 = 2ωb†|Ω〉 (51)
when ǫ = 0, we confirm again that H(ǫ = 0) only has one eigenvector, the zero norm b†|Ω〉
with eigenvalue 2ω.
As well as these zero norm states, the ǫ = 0 Fock space also possesses harmonic oscillator
coherent states as well. To construct these particular states it is convenient to introduce
new operators
α = a + b , β = a− b (52)
which obey
[α, α†] = 2µˆ , [β, β†] = −2µˆ , [α, β†] = 0 , [β, α†] = 0 , [α, β] = 0 . (53)
In terms of these operators the Hamiltonian of Eq. (40) may be rewritten as
H(ǫ = 0) =
ω
2µˆ
[
2α†α− α†β − β†α
]
+ ω , (54)
with α† and β† then being found to obey the relations
[H(ǫ = 0), α†] = ω(2α† − β†) , [H(ǫ = 0), β†] = ωα† ,
[H(ǫ = 0), α† − β†] = ω(α† − β†) , [H(ǫ = 0), α− β] = −ω(α− β) . (55)
13
In terms of these operators we construct the coherent state
|g〉 = eα
†β† |Ω〉 (56)
where the vacuum is again the one which a and b, and thus α and β, annihilate. Us-
ing the well-known relation eA+B = eAeBe−[A,B]/2 = eBeAe−[B,A]/2 which holds when
[A, [A,B]] = [B, [A,B]] = 0, it can readily be shown that |g〉 has positive norm,
viz. 〈g|g〉 = 〈Ω|eα
†β†eαβe(β
†β−α†α−1)|Ω〉 = 1/e. Similarly, using the well-known relation
eABe−A = B + [A,B] + [A, [A,B]]/2 + [A, [A, [A,B]]]/6 + ..., it can also be shown that
application of the Hamiltonian to this state yields
H(ǫ = 0)|g〉 = ω(α†2 − β†2 + 2α†β†)|g〉 , (57)
with the coherent state thus not being an energy eigenstate. This same analysis generalizes
to any other state of the form of an exponential of a string of creation operators acting on the
vacuum, since the commutator of H(ǫ = 0) with the string yields another string consisting
also purely of creation operators, a string which thus commutes with the original string of
creation operators. Thus whether we use states with a definite number of particles (such
a†mb†n|Ω〉) or states with an indefinite number of particles (such as |g〉), we find that only the
b†n|Ω〉 states are energy eigenstates, with all the ǫ 6= 0 negative norm states having moved
off shell in the limit. Consequently, in the ǫ = 0 theory there are no energy eigenstates with
negative norm or negative energy.
As well as this, another interesting aspect of the ǫ = 0 theory it is that even while it
is a fourth order theory, the ǫ = 0 theory only possesses the number of observable states
that would be found in an ordinary second order theory. Consequently, in a field-theoretic
generalization of the equal frequency Pais-Uhlenbeck fourth order oscillator, we would an-
ticipate that there would only be one observable particle in the theory rather than the two
that would be associated with the field-theoretic analog of the unequal frequency case as
exhibited schematically in Eq. (2). Replacing a pure second order field theory by a pure
fourth order one would thus not be expected to bring about any change in the number of
observable states.
Since the above equal frequency theory possesses zero norm states, as a quantum-
mechanical theory it is thus somewhat unconventional. Even though the physical viabil-
ity of the theory is not in question since the theory has been shown to possess no energy
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eigenstates with negative norm, nonetheless, it is still of interest to try to recast the the-
ory in an alternate form in which the theory has a more conventional look to it. Thus we
seek to reinterpret the zero norm states as positive norm ones by using an unconventional
scalar product with which to define the norm. To this end, we note that in constructing
the eigenstates of a Hamiltonian, all that is needed is the introduction of a Hilbert space on
which the Hamiltonian is to act to the right on a set of ket vectors |ψ〉, with there being no
need to introduce the dual vector bra states of those ket vectors for this purpose, with the
structure of the energy eigenspectrum thus not being in any way sensitive to the structure
of the dual space vectors.[20] The choice of definition of a scalar product is thus independent
of the structure of the energy eigenspectrum, and while one ordinarily defines the dual bra
vector 〈ψ| simply as the conjugate of |ψ〉, other choices are possible, and all of them provide
legitimate formulations of quantum mechanics.[21]
Thus for our purposes here, we note that with both of the equal frequency theory a†|Ω〉
and b†|Ω〉 states being zero norm states if their respective conjugates are canonically defined
as 〈Ω|a, 〈Ω|b, in terms of the operators α and β which diagonalize the Fock algebra, we
instead define the dual of the state β†|Ω〉 to not be the standard 〈Ω|β but to be minus one
times it (viz. −〈Ω|β) instead, while at the same time we continue to keep the dual of α†|Ω〉 to
be the standard 〈Ω|α. With such a dual state definition, the dual of b†|Ω〉 = (1/2)(α†−β†)|Ω〉
is given by (1/2)〈Ω|(α + β), viz. by 〈Ω|a, with the overlap of b†|Ω〉 with its own dual then
being given by (1/4)〈Ω|(α + β)(α† − β†)|Ω〉 = µˆ = 1/8γω3, a norm which, for positive γ,
is then positive rather than zero. And similarly, the dual of a†|Ω〉 = (1/2)(α† + β†)|Ω〉 is
given by (1/2)〈Ω|(α − β), viz. by 〈Ω|b, with the overlap of a†|Ω〉 with its own dual then
being given by (1/4)〈Ω|(α − β)(α† + β†)|Ω〉 = µˆ = 1/8γω3, a norm which is then also
positive for the same choice of sign of γ. Moreover, the overlap of the dual of b†|Ω〉 with
a†|Ω〉 is given by (1/4)〈Ω|(α + β)(α† + β†)|Ω〉, an overlap which is zero, while the overlap
of the dual of a†|Ω〉 with b†|Ω〉 is given by (1/4)〈Ω|(α− β)(α† − β†)|Ω〉, an overlap which is
zero also. With respect to this definition of scalar product then, the states a†|Ω〉 and b†|Ω〉
form an orthonormal basis in which all states have positive norm. Thus because we do not
need to specify the dual vectors in order to construct energy eigenkets, we have flexibility
in defining what we mean by a norm and a scalar product, and can thus make the equal
frequency theory zero norm states become orthonormal positive norm states instead, and
can do so without in any way altering the fact that b†|Ω〉 is an energy eigenket while a†|Ω〉
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is not.
In addition to the above formal construction of dual vectors, there is also an explicit
operational way to implement it. Specifically, we note that before we seek to define a new
scalar product, the standard scalar products are given by 〈Ω|aa†|Ω〉 = 0, 〈Ω|ab†|Ω〉 = µˆ,
〈Ω|ba†|Ω〉 = µˆ, 〈Ω|bb†|Ω〉 = 0. We now introduce an operator C whose action on α†|Ω〉
and β†|Ω〉 is of the form Cα†|Ω〉 = α†|Ω〉, Cβ†|Ω〉 = −β†|Ω〉. In consequence, its action
on a†|Ω〉 and b†|Ω〉 is of the form Ca†|Ω〉 = b†|Ω〉, Cb†|Ω〉 = a†|Ω〉, an action which thus
interchanges a†|Ω〉 and b†|Ω〉 with each other. With respect to this operator C we thus
define scalar products which evaluate to 〈Ω|aCa†|Ω〉 = µˆ, 〈Ω|aCb†|Ω〉 = 0, 〈Ω|bCa†|Ω〉 = 0,
〈Ω|bCb†|Ω〉 = µˆ. Thus with 〈Ω|aC being defined as the dual of a†|Ω〉, and with 〈Ω|bC being
defined as the dual of b†|Ω〉, we thus generate an orthonormal basis. Now we saw above that
the dual of a†|Ω〉 is given as 〈Ω|b while the dual of b†|Ω〉 is given as 〈Ω|a. In this construction
then we thus identify the dual of a†|Ω〉 as 〈Ω|aC = 〈Ω|b, and the dual of b†|Ω〉 as 〈Ω|bC =
〈Ω|a. Since the role of C is to interchange a†|Ω〉 and b†|Ω〉, we can thus conveniently describe
the a†|Ω〉, b†|Ω〉 2-space in the language of Pauli spinors. Thus on defining a†|Ω〉 = | ↑〉,
b†|Ω〉 = | ↓〉, we see that the action of C on a†|Ω〉 and b†|Ω〉 can be written as C| ↑〉 = | ↓〉,
C| ↓〉 = | ↑〉. Similarly, its action on α†|Ω〉 = (| ↑〉 + | ↓〉) and β†|Ω〉 = (| ↑〉 − | ↓〉) can be
written as C(| ↑〉 + | ↓〉) = (| ↑〉 + | ↓〉), C(| ↑〉 − | ↓〉) = −(| ↑〉 − | ↓〉). In the a†|Ω〉, b†|Ω〉
2-space then the operator C can be represented by none other than the Pauli matrix σ1, to
thus establish that the needed C does indeed exist. Then given this definition of conjugate
states, if we define wave functions via ψa(x) = 〈x|a
†|Ω〉, ψb(x) = 〈x|b
†|Ω〉 with respective
conjugates ψ∗a(x) = 〈Ω|aC|x〉, ψ
∗
b (x) = 〈Ω|bC|x〉, we are able to obtain the conventional
orthonormality relations for wave functions, viz.
∫
dxψ∗a(x)ψa(x) =
∫
dx〈Ω|aC|x〉〈x|a†|Ω〉 =
〈Ω|aCa†|Ω〉 = µˆ,
∫
dxψ∗a(x)ψb(x) = 0,
∫
dxψ∗b (x)ψa(x) = 0,
∫
dxψ∗b (x)ψb(x) = µˆ.
As regards the Hamiltonian of the theory, we note that with respect to our definition of
conjugate states, its matrix elements evaluate to 〈Ω|aCHa†|Ω〉 = 1/4γω2, 〈Ω|aCHb†|Ω〉 = 0,
〈Ω|bCHa†|Ω〉 = 1/4γω2, 〈Ω|bCHb†|Ω〉 = 1/4γω2. As we see, with respect to this definition
of conjugates, the Hamiltonian remains defective, with its diagonal elements still being real.
With there thus still only being one energy eigenstate, viz. the original b†|Ω〉, with which to
characterize asymptotic in and out S-matrix states, the theory remains unitary not because
H has became Hermitian with respect to the new definition of conjugate states, but because
it has remained defective. While we have thus shown that one could equivalently either
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work with an equal frequency theory with zero norm states or recast the theory as one with
positive norm states instead, to conclude this paper we now present an entirely different
approach to the equal frequency theory, one that will lead to positive norm states without
any need to introduce non-canonical dual vector states at all.
Taking the limit of the Hilbert space
While we have seen that it is possible to define an unconventional scalar product with
respect to which all of the ǫ = 0 theory zero norm Fock states then have positive norm
instead, it is also of interest to see if we could construct an alternate ǫ→ 0 limiting theory
in which all energy eigenstates would have a positive norm even when the conventional
definition of conjugate states is used. To this end we note that since we obtained zero
norm states in the above by first going to the ǫ = 0 limit of the operator algebra before
constructing the states, to avoid such zero norm states an alternate procedure would be
to first construct a set of states with non-zero norm, and then take the ǫ → 0 limit while
holding the norms of these states fixed. With the algebra of the a and b operators already
being defined in Eq. (35) even prior to taking the ǫ→ 0 limit, we can thus construct a basis
for the ǫ 6= 0 Fock space via states built on a vacuum which obeys a|Ω〉 = b|Ω〉 = 0 rather
than on one which obeys a1|Ω〉 = 0, a2|Ω〉 = 0, and then explore the ǫ → 0 limit of those
particular states. We thus build normalized ǫ 6= 0 states such as (the choice γ < 0 assures
the positivity of λ and ν) the one particle
|1, 0〉 =
a†
λ1/2
|Ω〉 , |0, 1〉 =
b†
ν1/2
|Ω〉 , (58)
the two particle
|2, 0〉 =
(a†)2
21/2λ
|Ω〉 , |1, 1〉 =
a†b†
(µ2 + λν)1/2
|Ω〉 , |0, 2〉 =
(b†)2
21/2ν
|Ω〉 , (59)
and so on.
Even while this particular basis is not a basis of eigenstates of the ǫ 6= 0 Hamiltonian,
for the ǫ 6= 0 theory this particular basis is just as complete a basis as the one built out
of the ǫ 6= 0 eigenstates. However, unlike the ǫ 6= 0 energy eigenstate basis, remarkably,
and crucially for our purposes here as it will turn out, every single state constructed via the
ǫ 6= 0 a† and b† operators is found to have positive norm. It is not however an orthogonal
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basis since overlaps such as 〈1, 0|0, 1〉 = µ/(λν)1/2 are non-zero, overlaps which actually
become singular in the ǫ → 0 limit. Since this basis is complete we can use it to define a
particular limiting procedure in which the normalization of each of the particle states in Eqs.
(58) and (59) and their multi-particle generalization is held fixed while ǫ is allowed to go to
zero. Then in such a limit we find from Eq. (58) that a†|Ω〉 and b†|Ω〉 both become null
vectors. However, despite this, we cannot conclude that the creation operators annihilate
the vacuum identically in this limit since matrix elements such as 〈Ω|[a, b†]|Ω〉 = µ do not
vanish in the limit (µ(ǫ = 0) = µˆ 6= 0), with product operator actions such as a acting on
b†|Ω〉 being singular. Instead, the creation operators must be thought of as annihilating the
vacuum weakly (i.e. in some but not all matrix elements), but not strongly as an operator
identity. Now since neither of the states a†|Ω〉 or b†|Ω〉 survives in the limit, H(ǫ = 0) now
has no one particle eigenstates at all. With the two particle states (a†)2|Ω〉 and (b†)2|Ω〉
also becoming null in the limit, the only two particle state which is found to survive in this
limit is the positive norm state a†b†|Ω〉/µˆ (since the [a, b†] commutator does not vanish),
and, quite remarkably, in this limit the state is also found to actually become an energy
eigenstate, viz.
H(ǫ = 0)
a†b†
µˆ
|Ω〉 =
3ω
µˆ
a†b†|Ω〉+
2ω
µˆ
(b†)2|Ω〉 ≡
3ω
µˆ
a†b†|Ω〉 , (60)
with the energy of this two-particle state being equal to 3ω, which is nicely positive. With
this analysis immediately generalizing to the higher multiparticle states as well, we see that
the only states which then survive in the limit are states of the form (a†b†)n|Ω〉, positive norm
states which also become positive energy eigenstates in the limit, with the observable sector
of the theory thus being completely acceptable. We thus recognize two limiting procedures,
first taking the limit of the algebra and then constructing the Fock space, or first constructing
the Fock space and then taking the limit of its states, with this latter limiting procedure
being an extremely delicate one in which the only states which survive as observable ones
are composite.[22] Thus, to conclude, we see that in the equal frequency limit the quantum
theory based on the fourth order Lagrangian of Eq. (5) is in fact completely acceptable
(in fact, technically, what we have shown is that the presence of energy eigenstates with
negative norm in the unequal frequency theory is simply not a reliable indicator as to their
possible presence in the equal frequency case), and it would thus be of interest to see the
degree to which our results here might carry over to full fourth order field theories.[23]
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